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Îñíîâíûå îáúåêòû

ïðÿìàÿ ïðîãðàììà

min
x∈K
〈c , x〉 : Ax = b

äâîéñòâåííàÿ ïðîãðàììà

max
s∈K∗

〈b, z〉 : s = c − AT z

M = {(x ,−F ′(x)) | x ∈ K o} � ãðàô ëåæàíäðîâîé

èçîìåòðèè

A = {(x , s) | Ax = b, ∃ y : s = c − AT y} � àôôèííîå

ïîäïðîñòðàíñòâî îãðàíè÷åíèé

L = ker A, L⊥ = Im AT ëèíåéíûå ïîäïðîñòðàíñòâà

äîïóñòèìûõ ñìåùåíèé

ïðÿìî-äâîéñòâåííûé öåíòðàëüíûé ïóòü R ·M ∩ A
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Ïàðàìåòð öåíòðàëüíîãî ïóòè

åñëè (x , s) ∈ √µM ∩ A, òî x , s � òî÷êè íà ïðÿìîì è

äâîéñòâåííîì öåíòðàëüíûõ ïóòÿõ ñ ïàðàìåòðîì τ = µ−1

äëÿ (x , s) ∈ M èìååì

〈x , s〉 = −〈x ,F ′(x)〉 = ν

â ñèëó ëîãàðèôìè÷íîé îäíîðîäíîñòè F
îòñþäà 〈√µx ,√µs〉 = µν

åñëè (x , s) ∈ √µM ∩ A íà ïðÿìî-äâîéñòâåííîì öåíòðàëüíîì

ïóòè, òî µ = 〈x ,s〉
ν
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Íàïðàâëåíèÿ ïîèñêà Íåñòåðîâà-Òîääà

äëÿ ïðîèçâîëüíîé ïàðû (x , s) ∈ A îïðåäåëèì µ = 〈x ,s〉
ν

èìååì (x ,−µF ′(x)) ∈ √µM, (−µF ′∗(s), s) ∈ √µM
îïðåäåëèì íåâÿçêè ∆s = s + µF ′(x), ∆x = x + µF ′∗(s)

â îáùåì ñëó÷àå ∆x 6∈ L, ∆s 6∈ L⊥

ïîýòîìó ïðîåêòèðóåì íà ïîäïðîñòðàíñòâà äîïóñòèìûõ òî÷åê

ïðîåêöèÿ îðòîãîíàëüíà â ëîêàëüíîé ìåòðèêå ‖ · ‖w (‖ · ‖w∗)
w � òî÷êà øêàëèðîâêè: F ′′(w)x = s,
w∗ = −F ′(w) � äâîéñòâåííûé îáðàç

íàïðàâëåíèÿ öåíòðèðóþùåé øêàëèðîâêè (dx , ds) è àôôèííîé

øêàëèðîâêè (px , ps) Íåñòåðîâà-Òîääà îïðåäåëåíû êàê

dx = −Πw ,L∆x , ds = −Πw∗,L⊥∆s

px = −Πw ,Lx , ps = −Πw∗,L⊥s
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Íàïðàâëåíèÿ øêàëèðîâîê

ïëîñêîñòü Mk ïàðàëëåëüíà ê êàñàòåëüíîé ïëîñêîñòè Tw â òî÷êå√
µ(w ,w∗) è ïðîõîäèò ÷åðåç (x ,−µF ′(x)), (−µF ′∗(s), s)
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Íàïðàâëåíèå Íåñòåðîâà-Òîääà äëÿ ËÏ

ïðÿìàÿ ïðîãðàììà

min
x≥0
〈c, x〉 : Ax = b

äâîéñòâåííàÿ ïðîãðàììà

max
s≥0
〈b, z〉 : s = c − AT z

áàðüåð F (x) = −
∑n

i=1 log xi

äâîéñòâåííûé îáðàç s = −F ′(x) = 1/x

òåêóùàÿ èòåðàöèÿ (x , s), Ax = b, s = c − AT y

òî÷êà øêàëèðîâêè (w ,w∗) = (
√

x/s,
√
s/x)

ãåññèàí F ′′(w) = diag(1/w2) = diag(s/x)

µ = 〈x , s〉/n
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Ïðîåêöèè Πw ,L, Πw∗,L⊥

ïóñòü W = diag w , W∗ = diag w∗, X = diag x , S = diag s

ìåòðèêà â ïðÿìîì ïðîñòðàíñòâå F ′′(w) = SX−1

ìåòðèêà â äâîéñòâåííîì ïðîñòðàíñòâå F ′′∗ (w∗) = XS−1

ðàçëîæåíèå ïðÿìîãî ïðîñòðàíñòâà

ker A⊕ XS−1[Im AT ]

ïðîåêöèÿ íà ker A: z 7→ z − XS−1AT (AXS−1AT )−1Az

ðàçëîæåíèå äâîéñòâåííîãî ïðîñòðàíñòâà

Im AT ⊕ SX−1[ker A]

ïðîåêöèÿ íà Im AT : z 7→ AT (AXS−1AT )−1AXS−1z
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Íàïðàâëåíèÿ øêàëèðîâîê

íåâÿçêè èìåþò âèä

∆s = s − µX−11, ∆x = x − µS−11

íàïðàâëåíèÿ èìåþò âèä

dx = −(I − XS−1AT (AXS−1AT )−1A)(x − µS−11)

=XS−1AT (AXS−1AT )−1b − x + µ(I − XS−1AT (AXS−1AT )−1A)S−11

ds = −AT (AXS−1AT )−1AXS−1(s − µX−11)

= −AT (AXS−1AT )−1b + µAT (AXS−1AT )−1AS−11

px = −(I − XS−1AT (AXS−1AT )−1A)x

= −x + XS−1AT (AXS−1AT )−1b

ps = −AT (AXS−1AT )−1AXS−1s = −AT (AXS−1AT )−1b
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Ìåòîäû ñ äëèííûì øàãîì

ìåòîäû ñ äëèííûì øàãîì èäóò ïî íàïðàâëåíèþ àôôèííîé

øêàëèðîâêè, ïîêà íå äîñòèãíóò ãðàíèöû íåêîòîðîé ¾áîëüøîé¿

îêðåñòíîñòè öåíòðàëüíîãî ïóòè

âîçìîæíà êîððåêòèðîâêà: ïîñëå ¾äëèííîãî¿ øàãà ñëåäóåò îäèí

èëè íåñêîëüêî êîððåêòèðóþùèõ øàãîâ ïî öåíòðèðóþùåìó

íàïðàâëåíèþ, ïîêà èòåðàöèè íå ïðèáëèçÿòñÿ â äîñòàòî÷íîé

ìåðå ê öåíòðàëüíîìó ïóòè

âîçìîæíà êîìáèíàöèÿ àôôèííîãî è öåíòðèðóþùåãî

íàïðàâëåíèé

¾áîëüøàÿ¿ îêðåñòíîñòü: ïðîèçâåäåíèå xs (äëÿ ñèììåòðè÷åñêèõ

êîíóñîâ) èìååò îãðàíè÷åííîå ÷èñëî îáóñëîâëåííîñòè

LP: maxi xi si
mini xi si

≤ γ

SDP: λmaxXS
λminXS

≤ γ
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Êîíè÷íî-êâàäðàòè÷íûå îãðàíè÷åíèÿ

||x ||22 ≤ t, x ∈ Rn ⇔
(
x , t−12 , t+1

2

)
∈ Ln+2

||x ||22
s ≤ t, s ≥ 0, x ∈ Rn ⇔

(
x , t−s2 , t+s

2

)
∈ Ln+2

ts ≥ 1, t, s > 0 ⇔
(
1, t−s2 , t+s

2

)
∈ L3

xTAx + bT x + c ≤ t ïðè A � 0 ⇔(
A1/2x , t−b

T x−c−1
2 , t−b

T x−c+1
2

)
∈ Ln+2

|t| ≤ √x1x2, x1, x2 ≥ 0 ⇔
(
t, x1−x22 , x1+x2

2

)
∈ L3

t ≤ √x1x2, x1, x2 ≥ 0 ⇔ t ≤ s, s ≥ 0,
(
s, x1−x22 , x1+x2

2

)
∈ L3

èòåðàöèåé ïîñëåäíåãî ïóíêòà ïîëó÷àåì òàêæå ïðåäñòàâëåíèå

ìíîæåñòâà (x1, . . . , x2k , t) ∈ R2k+1
+ |

2k∏
i=1

xi ≥ t2
k


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Ïîëó-îïðåäåë¼ííûå îãðàíè÷åíèÿ

λmax(X ) ≤ t ⇔ tI − X � 0

||X ||∞ ≤ t ⇔ −tI � X � tI äëÿ ñèììåòðè÷åñêèõ X∑k
j=1 λj ≤ t, ãäå λ1, . . . , λn � ñîáñòâåííûå çíà÷åíèÿ X ⇔

t ≥ ks + tr Z , Z � 0, Z + sI � X

A � BC †BT , C � 0 ⇔
(

A B
BT C

)
� 0

||A||∞ ≤ t ⇔
(

tI A
AT tI

)
� 0 äëÿ ìàòðèö A îáùåãî âèäà

(AXB)(AXB)T + CXD + (CXD)T + E � Y ⇔(
I (AXB)T

AXB Y − E − CXD − (CXD)T

)
� 0 (çäåñü X ,Y �

ïåðåìåííûå, à A, . . . , E � ïàðàìåòðû çàäà÷è)

Roland Hildebrand Ïðèëîæåíèÿ



Ïîëó-îïðåäåë¼ííûå îãðàíè÷åíèÿ

äëÿ äàííîé ìàòðèöû X � 0 ìíîæåñòâî {η ∈ Rn
+ | η ≤ λ(X )}

ïîëó-îïðåäåë¼ííî ïðåäñòàâèìî â âèäå(
X ∆

∆T diag η

)
� 0, diag∆ = η, ∆ij = 0 ∀ i < j

S-ëåììà: xTAx ≥ 0 äëÿ âñåõ x òàêèõ, ÷òî xTBx ≥ 0 è

ñóùåñòâóåò x0 òàêîå, ÷òî xT0 Bx0 > 0 ⇔ A− λB � 0 è λ ≥ 0

çäåñü ìàòðèöà A è ñêàëÿð λ ÿâëÿþòñÿ ïåðåìåííûìè, à ìàòðèöà

B � ïàðàìåòðîì çàäà÷è
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Ìàêñèìàëüíûé âïèñàííûé ýëëèïñîèä

ïóñòü P = {x | Ax ≤ b} � ïîëèòîï ñ íåïóñòîé âíóòðåííîñòüþ

òðåáóåòñÿ íàéòè âïèñàííûé â P ýëëèïñîèä

E = {x = Cu + c | ‖u‖ ≤ 1}

ìàêñèìàëüíîãî îáú¼ìà

çàäà÷à ðåøàåòñÿ ïîëó-îïðåäåë¼ííîé ïðîãðàììîé

max t : t2
k ≤

n∏
i=1

λi (C ), C � 0, ‖Cai‖ ≤ bi − 〈ai , c〉 ∀ i

ãäå n ≤ 2k , à ai � ñòðîêè ìàòðèöû A

äëÿ òîãî, ÷òîáû âûðàçèòü îãðàíè÷åíèå t2
k ≤

∏n
i=1 λi , íóæíî

âîñïîëüçîâàòüñÿ

ïðåäñòàâëåíèåì ïîäãðàôèêà ãåîìåòðè÷åñêîãî ñðåäíåãî

íåîòðèöàòåëüíûõ âåëè÷èí

ïðåäñòàâëåíèåì ïîäãðàôèêà ñïåêòðà íåîòðèöàòåëüíî

îïðåäåë¼ííîé ìàòðèöû
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Ìèíèìàëüíûé îïèñàííûé ýëëèïñîèä

ïóñòü P = conv{x1, . . . , xm} � ïîëèòîï ñ íåïóñòîé

âíóòðåííîñòüþ

òðåáóåòñÿ íàéòè îïèñàííûé âîêðóã P ýëëèïñîèä

E = {x | (x − D−1d)TD(x − D−1d) ≤ 1}

ìèíèìàëüíîãî îáú¼ìà

çàäà÷à ðåøàåòñÿ ïîëó-îïðåäåë¼ííîé ïðîãðàììîé

max t : t2
k ≤

n∏
i=1

λi (D), D � 0,

(
s dT

d D

)
� 0,

xTi Dxi − 2xTi d + s ≤ 1 ∀ i

ãäå n ≤ 2k
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Îïòèìèçàöèÿ òîïîëîãèè ôåðìû

ñòåðæíåâàÿ ñèñòåìà â

ñòðîèòåëüíîé ìåõàíèêå, ñîñòîÿùàÿ

èç n óçëîâ è ñîåäèíÿþùèõ

ñòåðæíåé

ïðè ïðèëîæåíèè ñèëû ê íåêîòîðîìó ïîäìíîæåñòâó óçëîâ

êîíñòðóêöèÿ äåôîðìèðóåòñÿ è çàïàñàåò ýíåðãèþ

âîçíèêàþò êîìïåíñèðóþùèå óñèëèÿ ðàñòÿæåíèÿ�ñæàòèÿ, ôåðìà

ïðèõîäèò â íîâîå ñîñòîÿíèå ðàâíîâåñèÿ

çàäà÷à: äëÿ äàííîé íàãðóçêè ìèíèìèçèðîâàòü ýíåðãèþ, èëè

ìàêñèìèçèðîâàòü æ¼ñòêîñòü

ïåðåìåííûå: ìàññû ñòåðæíåé ïðè îãðàíè÷åííîé ñóììàðíîé

ìàññå
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Îïòèìèçàöèÿ òîïîëîãèè ôåðìû

ïóñòü ñòåðæåíü k ìàññû mk ñ ìîäóëåì Þíãà ck ñîåäèíÿåò óçëû

i , j íà ïîçèöèÿõ vi , vj ∈ R3

ñìåùåíèÿ xi , xj ∈ R3 óçëîâ i , j âûçûâàþò ñèëû

fik = −fjk = −ckmk

〈
vi−vj
‖vi−vj‖2 , xi − xj

〉
vi−vj
‖vi−vj‖2

îïðåäåëèì âåêòîð bk = {bik}i=1,...,n ∈ R3n, ãäå

bik = −bjk =
√
ck

vi−vj
‖vi−vj‖2 , îñòàëüíûå blk = 0

òîãäà fk = −mkbkb
T
k x � ñèëà, ãåíåðèðóåìàÿ ñòåðæíåì k

ïðèëàãàåìàÿ âíåøíÿÿ ñèëà çàäà¼òñÿ

f = −
∑
k

fk =
∑
k

mkbkb
T
k x = Ax

ìèíèìèçèðóåìàÿ ýíåðãèÿ äåôîðìàöèè íà ïîäïðîñòðàíñòâå

V ⊂ R3n äîïóñòèìûõ ñìåùåíèé çàäà¼òñÿ

cf (m) = 〈f , x〉 = sup
u∈V

(
2〈f , u〉 − uTAu

)
.
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Îïòèìèçàöèÿ òîïîëîãèè ôåðìû

êîìïîíåíòû ñèëû f èçâåñòíû â óçëàõ l ∈ L, â êîòîðûõ
ïðèëàãàåòñÿ íàãðóçêà gl , è íåèçâåñòíû â óçëàõ j ∈ J,
çàôèêñèðîâàííûõ â îïîðàõ

â îñòàëüíûõ óçëàõ i ∈ I îíè ðàâíû íóëþ

òàêèì îáðàçîì ïîëó÷àåì ïîëó-îïðåäåë¼ííóþ ïðîãðàììó

min
t,mk ,(fj )j∈J

t : Π

(
t −f T
−f

∑
k mkbkb

T
k

)
ΠT � 0,

∑
k

mk = m, fl = gl , l ∈ L, fi = 0, i ∈ I , Π = diag(1,ΠV )

çäåñü ΠV � ïðîåêòîð íà ïîäïðîñòðàíñòâî V
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Ïîèñê ôóíêöèè Ëÿïóíîâà

ðàññìîòðèì ëèíåéíóþ äèíàìè÷åñêóþ ñèñòåìó

ẋ(t) = A(t)x(t)

ïðî êîòîðóþ èçâåñòíî, ÷òî ìàòðèöà ñèñòåìû A(t) â ëþáîé
ìîìåíò âðåìåíè ïðèíàäëåæèò íåêîòîðîìó ìíîæåñòâó U

êâàäðàòè÷íàÿ ôóíêöèÿ L(x) = xTXx , X � 0, ÿâëÿåòñÿ

ôóíêöèåé Ëÿïóíîâà ñèñòåìû, åñëè

d

dt
L = xT (ATX + XA)x ≤ −sL ∀ t

äëÿ íåêîòîðîãî s > 0

â ýòîì ñëó÷àå ñèñòåìà óñòîé÷èâà è ëþáàÿ å¼ òðàåêòîðèÿ

ñòðåìèòñÿ ê íà÷àëó êîîðäèíàò

ýòî óñëîâèå âûïîëíÿåòñÿ, åñëè

ATX + XA � −sX ∀ A ∈ U
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Ïîèñê ôóíêöèè Ëÿïóíîâà

óñëîâèå ýêâèâàëåíòíî óñëîâèÿì

X � 0, ATX + XA � Z ≺ 0 ∀ A ∈ U

îáå ìàòðèöû X ,Z ìîæíî îãðàíè÷èòü êðàòíûìè åäèíè÷íîé

ìàòðèöå

ïóñòü U = conv{A1, . . . ,Am} � ïîëèòîï

òîãäà ïîèñê ôóíêöèè Ëÿïóíîâà ñâîäèòñÿ ê ïîëó-îïðåäåë¼ííîé

ïðîãðàììå

min s : X � I , sI − AT
i X − XAi � 0 ∀ i
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Çàäà÷à èç òåîðèè óïðàâëåíèÿ

ðàññìîòðèì ëèíåéíóþ óïðàâëÿåìóþ ñèñòåìó

ẋ = Ax + Bu

çäåñü x � âåêòîð ñîñòîÿíèÿ ñèñòåìû, u � âåêòîð óïðàâëåíèÿ

íåîáõîäèìî ïîñòðîèòü ëèíåéíûé çàêîí óïðàâëåíèÿ u = Kx ,
ñòàáèëèçèðóþùèé ñèñòåìó

èùåì êâàäðàòè÷íóþ ôóíêöèþ Ëÿïóíîâà L(x) = xTXx , X � 0,

óäîâëåòâîðÿþùóþ óñëîâèþ

d

dt
L = xT ((A + BK )TX + X (A + BK ))x ≤ −sL = −sxTXx

äëÿ íåêîòîðîãî s > 0
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Çàäà÷à èç òåîðèè óïðàâëåíèÿ

ïðîáëåìó ìîæíî ðåøèòü ïîëó-îïðåäåë¼ííîé ïðîãðàììîé

min s : sI − (AY + BZ )− (AY + BZ )T � 0, Y � I

ôóíêöèÿ Ëÿïóíîâà è óïðàâëåíèå âîññòàíàâëèâàþòñÿ ïî

ôîðìóëå

X = Y−1, K = ZX

áèëèíåéíîñòü ïî X ,K óñòðàíÿåòñÿ ñîïðÿæåíèåì ñ X−1 = Y

X (A + BK ) = Y−1(AY + BZ )Y−1
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Ðîáàñòíîå ëèíåéíîå ïðîãðàììèðîâàíèå

ðàññìîòðèì ëèíåéíóþ ïðîãðàììó

min 〈c , x〉 : Ax ≤ b

ãäå äàííûå (A, b) íå èçâåñòíû äîñòîâåðíî, à çàäàþòñÿ ïî

ôîðìóëå

A = A0 +
m∑
i=1

uiAi , b = b0 +
m∑
i=1

uibi , ‖u‖ ≤ 1

íåîáõîäèìî ðåøèòü ðîáàñòíóþ âåðñèþ ïðîãðàììû

min 〈c, x〉 : A(u)x ≤ b(u) ∀ ‖u‖ ≤ 1

Roland Hildebrand Ïðèëîæåíèÿ



Ðîáàñòíîå ëèíåéíîå ïðîãðàììèðîâàíèå

ðàññìîòðèì ðîáàñòíóþ âåðñèþ îäíîãî ëèíåéíîãî íåðàâåíñòâà

〈a, x〉 ≤ β:〈
a0 +

m∑
i=1

uiai , x

〉
≤ β0 +

m∑
i=1

uiβi ∀ ‖u‖ ≤ 1

óñëîâèå ïåðåïèøåòñÿ â âèäå

m∑
i=1

ui (〈ai , x〉 − βi ) ≤ β0 − 〈a0, x〉 ∀ ‖u‖ ≤ 1

‖(〈ai , x〉 − βi )i=1,...,m‖ ≤ β0 − 〈a0, x〉

è ñòàíîâèòñÿ êîíè÷íî-êâàäðàòè÷íûì îãðàíè÷åíèåì

ôîðìóëèðóÿ ýòî îãðàíè÷åíèå äëÿ êàæäîãî íåðàâåíñòâà

èñõîäíîé ïðîãðàììû, ïîëó÷àåì êîíè÷íî-êâàäðàòè÷íóþ çàäà÷ó

Roland Hildebrand Ïðèëîæåíèÿ



Ñïàñèáî çà âíèìàíèå

Roland Hildebrand Ïðèëîæåíèÿ


