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Çàäà÷à íàõîæäåíèÿ ìàêñèìàëüíîãî ðàçðåçà (MaxCut)

ïóñòü çàäàí ãðàô ñ íåîòðèöàòåëüíûìè âåñàìè wij íà ð¼áðàõ

òðåáóåòñÿ ðàçáèòü ìíîæåñòâî âåðøèí V ãðàôà íà äâà
íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâà S ,T òàê, ÷òî
ìàêñèìèçèðóåòñÿ âåñ ðàçðåçà∑

(i ,j)∈(S×T )

wij
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Ôîðìàëèçàöèÿ ïðîáëåìû

ïðåäñòàâèì ðàçðåç â âèäå âåêòîðà x ∈ {−1,+1}n
âåñà ð¼áåð ñîáåð¼ì â ñèììåòðè÷åñêîé ìàòðèöå W

òîãäà âåñ ðàçðåçà çàïèøåòñÿ â âèäå

1

4

(
1TW1− xTWx

)
çàìåíèì âåêòîð x íà ñèììåòðè÷åñêóþ îäíîðàíãîâóþ ìàòðèöó
X = xxT , òîãäà ïðîáëåìà çàïèøåòñÿ â âèäå

max
X

1

4
〈W , 1− X 〉

ñ îãðàíè÷åíèÿìè

X � 0, diag(X ) = 1, rk X = 1
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Ïîëó-îïðåäåë¼ííàÿ ðåëàêñàöèÿ

ðåëàêñàöèþ ïîëó÷àåì îòáðàñûâàíèåì íåâûïóêëîãî îãðàíè÷åíèÿ
íà ðàíã:

max
X∈Sn+

1

4
〈W , 1− X 〉 : diag(X ) = 1

îáîçíà÷èì îïòèìàëüíûå çíà÷åíèÿ èñõîäíîé ïðîáëåìû MC è å¼
ðåëàêñàöèè SR ÷åðåç

coptMC ≤ coptSR

îïòèìàëüíîå ðåøåíèå X ∗ ðåëàêñàöèè SR ñîîòâåòñòâóåò
îïòèìàëüíîìó ðåøåíèþ x∗ èñõîäíîé çàäà÷è MC òîëüêî åñëè
rk X ∗ = 1
òîãäà îïòèìàëüíûé ðàçðåç âîññòàíàâëèâàåòñÿ èç ôàêòîðèçàöèè
X ∗ = xxT
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Ïîñòðîåíèå ñóá-îïòèìàëüíûõ ðåøåíèé

ïóñòü X ∗ � îïòèìàëüíîå ðåøåíèå SR ïðîèçâîëüíîãî ðàíãà k
òîãäà ôàêòîðèçàöèÿ X ∗ = FFT äàñò íàì ôàêòîð F ðàçìåðà
n × k

ïóñòü ξ ∼ N (0,X ∗) � ãàóññîâûé ñëó÷àéíûé âåêòîð ñ
êîâàðèàöèåé X ∗

òîãäà x = sgn ξ îïðåäåëÿåò ñëó÷àéíûé ðàçðåç ñî çíà÷åíèåì cξ

ðàññìîòðèì ýêâèâàëåíòíóþ êîíñòðóêöèþ:

ïóñòü ψ ∼ (0, I ) � ñòàíäàðòíûé ãàóññîâûé ñëó÷àéíûé âåêòîð â
Rk , è ξ = Fψ
ïóñòü f1, . . . , fn ∈ Rk ñòðîêè ôàêòîðà F (íà åäèíè÷íîé ñôåðå)
òîãäà xi = sgn ξi = sgn 〈fi , ψ〉
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EξξT = X ∗ = FFT = F
(
EψψT

)
FT = E(Fψ)(Fψ)T

êàæäàÿ ñòðîêà fi ∈ Rk ñîîòâåòñòâóåò âåðøèíå ãðàôà

ñëó÷àéíûé ðàçðåç îïðåäåëÿåòñÿ ðàçáèåíèåì âåêòîðîâ fi íà äâà
ïîäìíîæåñòâà ñ ïîìîùüþ ñëó÷àéíîé ãèïåðïëîñêîñòè ψ⊥
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Ïîñòðîåíèå ñëó÷àéíûõ ðàçðåçîâ

ñëåâà: n = 10 âåêòîðîâ fi ∈ R2

ñïðàâà: ðàçëè÷íûõ ðàçáèåíèé âåêòîðîâ fi ñëó÷àéíûìè
ãèïåðïëîñêîñòÿìè
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Âåðîÿòíîñòü ðàçäåëåíèÿ äâóõ äàííûõ âåêòîðîâ

âû÷èñëèì âåðîÿòíîñòü òîãî, ÷òî âåðøèíû i , j îêàæóòñÿ â
ðàçíûõ ïîäìíîæåñòâàõ

P(xixj = −1) = P(sgn〈fi , ψ〉 = − sgn〈fj , ψ〉) =
φ(fi , fj)

π
=

arccosX ∗ij
π
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Ìàò-îæèäàíèå âåñà ðàçðåçà

ìàò-îæèäàíèå âåñà ñëó÷àéíîãî ðàçðåçà çàäà¼òñÿ âûðàæåíèåì

Eξcξ =
1

4
〈W , 1− EξxxT 〉

=
1

2

∑
i<j

wijEξ(1− xixj)

=
∑
i<j

wijP(xixj = −1)

=
∑
i<j

wij

arccosX ∗ij
π

=
1

2π
〈W , arccosX ∗〉

≥α · 1
4
〈W , 1− X ∗〉 = α · coptSR

ãäå α = minx∈[−1,1]

1
2π

arccos x
1
4

(1−x)
= minx∈[−1,1]

2 arccos x
π(1−x) ≈ 0.87856
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Òåîðåìà Ã¼ìàíñà-Âèëëèàìñîíà

Òåîðåìà (Goemans, Williamson 1995)

Ïóñòü coptMC , c
opt
SR � îïòèìàëüíûå çíà÷åíèÿ èñõîäíîé ïðîáëåìû

ìàêñèìèçàöèè âåñà ðàçðåçà è å¼ ïîëó-îïðåäåë¼ííîé ðåëàêñàöèè.

Ïóñòü cξ � âåñ ñëó÷àéíîãî ðàçðåçà, ãåíåðèðîâàííîãî ñ

ïîìîùüþ îïòèìàëüíîãî ðåøåíèÿ X ∗ ðåëàêñàöèè. Òîãäà èìååì

α · coptSR ≤ Ecξ ≤ coptMC ≤ coptSR ,

ãäå α = minx∈[−1,1]
2 arccos x
π(1−x) .
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Ïîëèòîï ìàêñèìàëüíûõ ðàçðåçîâ

ðåëàêñàöèþ ìîæíî èíòåðïðåòèðîâàòü ñëåäóþùèì îáðàçîì:

îïðåäåëèì ïîëèòîï ìàêñèìàëüíûõ ðàçðåçîâ (MaxCut polytope)

MC = conv
{
xxT | x ∈ {−1,+1}n

}
è ïîëó-îïðåäåë¼ííîå ìíîæåñòâî

SR = {X ∈ Sn+ | diag(X ) = 1}

SR � âû÷èñëèòåëüíî äîñòóïíîå íàäìíîæåñòâî ñëîæíîãî
ïîëèòîïàMC

îïòèìàëüíûå çíà÷åíèÿ ïðåäñòàâÿòñÿ â âèäå

coptMC = max
X∈MC

1

4
〈W , 1− X 〉

coptSR = max
X∈SR

1

4
〈W , 1− X 〉
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Ìàêñèìèçàöèÿ âûïóêëîé ôîðìû íà êóáå

ïóñòü Q ∈ Sn+ � âûïóêëàÿ êâàäðàòè÷íàÿ ôîðìà íà Rn

ïðîáëåìó ìàêñèìèçàöèè

max
x∈[−1,1]n

xTQx

ìîæíî çàïèñàòü â âèäå

max
X∈MC

〈Q,X 〉

ïîñêîëüêó âûïóêëàÿ ôóíêöèÿ äîñòèãàåò ìàêñèìóìà íà
ïîëèòîïå â âåðøèíå

çàìåíîéMC íà SR ïîëó÷àåì ðåëàêñàöèþ

max
X∈SR

〈Q,X 〉 = max
X∈Sn+

〈Q,X 〉 : diag(X ) = 1
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Ïîñòðîåíèå ñóáîïòèìàëüíûõ ðåøåíèé

ïóñòü X ∗ � îïòèìàëüíîå ðåøåíèå ðåëàêñàöèè
ïóñòü ξ ∼ N (0,X ∗) ñëó÷àéíûé ãàóññîâûé âåêòîð, è x = sgn ξ,
X = xxT

òîãäà X ∈MC ÿâëÿåòñÿ (ñëó÷àéíûì) ñóáîïòèìàëüíûì
ðåøåíèåì èñõîäíîé çàäà÷è

ìàò-îæèäàíèå ýëåìåíòîâ X ðàâíî

EξXij = P(xixj = 1)− P(xixj = −1) = 1− 2P(xixj = −1)

= 1− 2
arccosX ∗ij

π
=

2

π
arcsinX ∗ij

îòñþäà ìàò-îæèäàíèå öåíû

Eξ〈Q,X 〉 =
2

π
〈Q, arcsinX ∗〉

ãäå arcsin ïðèìåíÿåòñÿ ïî-ýëåìåíòíî
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π
2
-òåîðåìà Íåñòåðîâà

Òåîðåìà

Ïóñòü Q ∈ Sn+. Òîãäà

2

π
max
X∈SR

〈Q,X 〉 ≤ max
x∈[−1,1]n

xTQx ≤ max
X∈SR

〈Q,X 〉.

äîê-âî:

2

π
〈Q,X ∗〉 ≤ 2

π
〈Q, arcsinX ∗〉 = Eξ〈Q,X 〉 ≤

≤ max
x∈[−1,1]n

xTQx ≤ max
X∈SR

〈Q,X 〉

≤ ïîñêîëüêó arcsin X = X + X 3

6 + 3X 5

40 + 5X 7

112 + · · · ñ
ïîëîæèòåëüíûìè êîýôôèöèåíòàìè
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Çàäà÷à î ìàêñèìàëüíîé êëèêå (MaxClique)

Îïðåäåëåíèå

Êëèêîé ãðàôà G íàçûâàþò ïîäìíîæåñòâî S âåðøèí òàêîå, ÷òî

ëþáûå äâå âåðøèíû èç S ñîåäèíåíû ðåáðîì. Ìàêñèìàëüíîé

êëèêîé íàçûâàåòñÿ êëèêà, êîòîðàÿ ïåðåñòà¼ò áûòü êëèêîé ïðè

äîáàâëåíèè ëþáîé äîïîëíèòåëüíîé âåðøèíû. Êëèêîâûì

÷èñëîì α(G ) ãðàôà G íàçûâàåòñÿ ìîùíîñòü íàèáîëüøåé

êëèêè.

âåðõíåé îöåíêîé êëèêîâîãî ÷èñëà ÿâëÿåòñÿ ϑ-ôóíêöèÿ Ëîâàøà,
êîòîðóþ ìîæíî âû÷èñëèòü ïîëó-îïðåäåë¼ííîé ïðîãðàììîé

max
X�0
〈X , 1〉 : X • AḠ = 0, tr X = 1

èëè äâîéñòâåííîé ê íåé

min λmax(Y + 1) : Y • AG = 0, diagY = 0
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Çàäà÷à î ìàêñèìàëüíîé êëèêå

ïóñòü S ⊂ V � íàèáîëüøàÿ êëèêà ãðàôà G , è k � å¼ ìîùíîñòü

îïðåäåëèì ìàòðèöó X = (Xij):

Xij =

{
1
k , i , j ∈ S ,
0, {i , j} 6⊂ S .

òîãäà

tr X = 1, X � 0, X • AḠ = 0, 〈X , 1〉 = k

îòñþäà
k ≤ ϑ(G )
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Âåðøèííîå ÷èñëî íåçàâèñèìîñòè

Îïðåäåëåíèå

Ïîäìíîæåñòâî âåðøèí S ãðàôà G íàçûâàåòñÿ íåçàâèñèìûì,

åñëè ëþáûå åãî äâà ýëåìåíòà íåñìåæíûå. Ìîùíîñòü ñàìîãî

áîëüøîãî íåçàâèñèìîãî ìíîæåñòâî íàçûâàåòñÿ âåðøèííûì

÷èñëîì íåçàâèñèìîñòè.

íåçàâèñèìûå ìíîæåñòâà G ñîîòâåòñòâóþò êëèêàì Ḡ , è
âåðøèííîå ÷èñëî íåçàâèñèìîñòè G ðàâíî êëèêîâîìó ÷èñëó Ḡ

ϑ-ôóíêöèÿ Ëîâàøà äà¼ò âåðõíþþ ãðàíèöó
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Óñëîâèÿ íåîòðèöàòåëüíîñòè â ïîëèíîìèàëüíîé
îïòèìèçàöèè

Îïðåäåëåíèå

Îáîçíà÷èì ÷åðåç Pn,d ìíîæåñòâî íåîòðèöàòåëüíûõ íà Rn

îäíîðîäíûõ ïîëèíîìîâ p : Rn → R ñòåïåíè d .

äëÿ ÷¼òíûõ d ìíîæåñòâî Pn,d ÿâëÿåòñÿ ðåãóëÿðíûì âûïóêëûì
êîíóñîì

óñëîâèÿ âèäà p ∈ Pn,d ìîæíî èíòåðïðåòèðîâàòü êàê êîíè÷åñêèå
îãðàíè÷åíèÿ íà âåêòîð êîýôôèöèåíòîâ ïîëèíîìà p

íåîòðèöàòåëüíîñòü ïîëèíîìà p â îáùåì ñëó÷àå òðóäíî
ïðîâåðèòü, ïîýòîìó ðåëàêñèðóåì óñëîâèåì ïðåäñòàâèìîñòè â
âèäå ñóììû êâàäðàòîâ (ÑÊ, sum of squares � SOS)
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Ñóììû êâàäðàòîâ

Îïðåäåëåíèå

Îáîçíà÷èì ÷åðåç Σn,d ìíîæåñòâî îäíîðîäíûõ ïîëèíîìîâ

p : Rn → R ñòåïåíè d , ïðåäñòàâèìûõ â âèäå êîíå÷íîé ñóììû

p(x) =
∑

k q
2
k(x), ãäå qk(x) � îäíîðîäíûå ïîëèíîìû ñòåïåíè

d/2.

äëÿ ÷¼òíûõ d ìíîæåñòâî Σn,d ÿâëÿåòñÿ ðåãóëÿðíûì âûïóêëûì
êîíóñîì, è Σn,d ⊂ Pn,d

â ðåëàêñàöèÿõ òèïà ñóìì êâàäðàòîâ óñëîâèå p ∈ Pn,d

ðåëàêñèðóåòñÿ áîëåå ñèëüíûì óñëîâèåì p ∈ Σn,d
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Òî÷íîñòü ÑÊ-ðåëàêñàöèé

äëÿ ÷¼òíîãî d ðàâåíñòâî Pn,d = Σn,d âûïîëíÿåòñÿ òîãäà è
òîëüêî òîãäà, êîãäà [Ãèëüáåðò 1888]

d = 2 (êâàäðèêè)

n ≤ 2 (n = 1: ñêàëÿðû, n = 2: ïîëèíîìû íà R)
n = 3, d = 4

âî âñåõ äðóãèõ ñëó÷àÿõ íå òîëüêî èìååò ìåñòî ñòðîãîå

âêëþ÷åíèå Σn,d ⊂ Pn,d , íî äàæå
íå ñóùåñòâóåò ïîëó-îïðåäåë¼ííîãî ïðåäñòàâëåíèÿ êîíóñà Pn,d

ïðèìåð: ïîëèíîì Ìîöêèíà

p(x , y , z) = x4y2 + x2y4 + z6 − 3x2y2z2

ÿâëÿåòñÿ ýëåìåíòîì ðàçíèöû P3,6 \ Σ3,6
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Ïîëèíîìû íà R

ïîëèíîì p ∈ P2,d ýêâèâàëåíòåí íåîäíîðîäíîìó ïîëèíîìó
p̃(x) = p(x , 1) ñòåïåíè íå áîëüøå d

ïîêàæåì, ÷òî ëþáîé íåîòðèöàòåëüíûé ïîëèíîì p : R→ R
ñòåïåíè d ïðåäñòàâëÿåòñÿ â âèäå ñóììû êâàäðàòîâ

d ÷¼òíîå

p(x) = a
∏d

j=1(x − xj), ãäå a = (
√
a)2 > 0

âåùåñòâåííûå êîðíè èìåþò ÷¼òíóþ êðàòíîñòü ⇒ ïîëó÷àåì
ìíîæèòåëü (x − xj)

2

êîìïëåêñíûå êîðíè âîçíèêàþò â ñîïðÿæ¼ííûõ ïàðàõ a± ib
⇒ ïîëó÷àåì ìíîæèòåëü (x − a)2 + b2

ïðîèçâåäåíèå ñóìì êâàäðàòîâ ÿâëÿåòñÿ ñóììîé êâàäðàòîâ
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p(x) = x6 − x4 − 2x3 + 2x2

êîðíè è çíà÷åíèÿ íà R ïîëèíîìà p(x)

p(x) = ((x + 1)2 + 1)x2(x − 1)2 = (x(x2 − 1))2 + (x(x − 1))2
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Ïîëó-îïðåäåë¼ííàÿ ïðåäñòàâèìîñòü óñëîâèÿ ÑÊ

ïóñòü x = (xα)|α|=d � âåêòîð âñåõ N ìîíîìîâ ñòåïåíè d

çäåñü α = (α1, . . . , αn) ∈ Nn � ìóëüòè-èíäåêñ, xα =
∏n

j=1 x
αj

j ,

|α| =
∑n

j=1 αj

òîãäà ëþáîé îäíîðîäíûé ïîëèíîì qj ñòåïåíè d çàïèñûâàåòñÿ â
âèäå

qj(x) =
∑
|α|=d

qj ,αx
α = 〈qj , x〉

ãäå qj = (qj ,α)|α|=d � åãî âåêòîð êîýôôèöèåíòîâ

îäíîðîäíûé ïîëèíîì p ñòåïåíè 2d çàïèñûâàåòñÿ â âèäå

p(x) = xTPx

äëÿ íåêîòîðîé ìàòðèöû P ∈ SN , ïîñêîëüêó ëþáîé ìîíîì
ñòåïåíè 2d ÿâëÿåòñÿ ïðîèçâåäåíèåì äâóõ ìîíîìîâ ñòåïåíè d
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Ïîëó-îïðåäåë¼ííàÿ ïðåäñòàâèìîñòü óñëîâèÿ ÑÊ

ñóììó êâàäðàòîâ p ∈ Σn,2d ìîæíî çàïèñàòü â âèäå

p(x) =
m∑
j=1

qj(x)2 =
m∑
j=1

〈qj , x〉2 = xTPx

ãäå P =
∑m

j=1 qjq
T
j � 0

òåïåðü ïîëîæèì P = QQT � 0 ñ Q = (q1, . . . ,qm)

îòñþäà

p(x) = xTPx = (QTx)T (QTx) =
m∑
j=1

〈qj , x〉2 =
m∑
j=1

qj(x)2

çàïèñûâàåòñÿ â âèäå ÑÊ ïîëèíîìîâ qj(x) = 〈qj , x〉

óñëîâèå p ∈ Σn,2d ýêâèâàëåíòíî ïîëó-îïðåäåë¼ííîìó óñëîâèþ

∃ P ∈ SN+ : p(x) = xTPx
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Ìèíèìèçàöèÿ ïîëèíîìà íà R
ðàññìîòðèì çàäà÷ó

min
x∈R

p(x)

ãäå p � ïîëèíîì ñòåïåíè 2d

çàäà÷à ýêâèâàëåíòíà

max t : p(x)− t ≥ 0 ∀ x ∈ R

⇔ max t : p(x)− t ÿâëÿåòñÿ ÑÊ

ïóñòü x = (1, x , . . . , xd)T , ñ èíäåêñàöèåé îò 0 äî d
òîãäà p(x)− t ÿâëÿåòñÿ ÑÊ ⇔ ∃ P ∈ Sd+1

+ : p(x)− t = xTPx
ñðàâíèì êîýôôèöèåíòû ïðè ñòåïåíÿõ x
ïîëó÷àåì ïîëó-îïðåäåë¼ííóþ ïðîãðàììó

max
t,P�0

t : pk =
∑

i+j=k

Pij , k = 1, . . . , 2d ; p0 − t = P00
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Óñëîâèå íåîòðèöàòåëüíîñòè: ïîëèíîìû íà R
ïîëèíîì p : R→ R ñòåïåíè 2d ÿâëÿåòñÿ íåîòðèöàòåëüíûì
òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò P ∈ Sd+1

+ òàêàÿ, ÷òî
ñóììû ýëåìåíòîâ P ïî êîñûì äèàãîíàëÿì ðàâíû
êîýôôèöèåíòàì ïîëèíîìà p

Roland Hildebrand Ïîëèíîìèàëüíàÿ îïòèìèçàöèÿ



Èíòåðïðåòàöèÿ

ìèíèìèçàöèÿ ïîëèíîìà îáùåãî âèäà íà R � íåâûïóêëàÿ çàäà÷à

ìèíèìèçèðóåì ëèíåéíûé ôóíêöèîíàë íå íà ìîìåíòíîé êðèâîé

{(1, x , . . . , xd) | x ∈ R}

à íà å¼ âûïóêëîé îáîëî÷êå
îáîëî÷êà èìååò ïîëó-îïðåäåë¼ííîå ïðåäñòàâëåíèå
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Óñëîâèå íåîòðèöàòåëüíîñòè: êâàðòèêè íà R2

ðàññìîòðèì êâàðòèêó

p(x , y) = p00 + p10x + p01y + · · ·+ p40x
4 + p04y

4

èìååì p(x , y) ≥ 0 òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò
P ∈ S6+ òàêîå, ÷òî ïðåäñòàâëåííûå íèæå ñóììû ýëåìåíòîâ P
ðàâíû êîýôôèöèåíòàì p

çäåñü x = (x2, y2, 1, y , x , xy)T
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Êîïîëîæèòåëüíûå ìàòðèöû

Îïðåäåëåíèå

Ìàòðèöà A ∈ Sn íàçûâàåòñÿ êîïîëîæèòåëüíîé åñëè xTAx ≥ 0
äëÿ âñåõ x ∈ Rn

+. Ìíîæåñòâî êîïîëîæèòåëüíûõ ìàòðèö

îáðàçóåò êîïîëîæèòåëüíûé êîíóñ COPn.

êîïîëîæèòåëüíîñòü A ýêâèâàëåíòíà íåîòðèöàòåëüíîñòè
êâàðòèêè

pA(x) =
n∑

i ,j=1

Aijx
2
i x

2
j

äîñòàòî÷íûì óñëîâèåì ÿâëÿåòñÿ ïðåäñòàâèìîñòü pA â âèäå ÑÊ:
pA ∈ Σn,4

îíî ýêâèâàëåíòíî ñóùåñòâîâàíèþ ðàçëîæåíèÿ A = P + N íà
P ∈ Sn+, N ≥ 0

ýòî óñëîâèå òàêæå íåîáõîäèìî ïðè n ≤ 4
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Çàäà÷à î ìàêñèìàëüíîé êëèêå

êëèêîâîå ÷èñëî ãðàôà G ìîæíî ïðåäñòàâèòü â âèäå
îïòèìàëüíîãî çíà÷åíèÿ êîïîëîæèòåëüíîé ïðîãðàììû

min
Z∈COPn

α : Z = α(I + AḠ )− 1 = (α− 1)1− αAG

çäåñü 1 � ìàòðèöà, ñîñòîÿùàÿ èç åäèíèö

âåðõíÿÿ îöåíêà íà α(G ) ïîëó÷àåòñÿ ïîëó-îïðåäåë¼ííîé
ðåëàêñàöèåé

min
Z�0

λ : Z ≤ λ(I + AḠ )− 1 = (λ− 1)1− λAG

îíà ïîëó÷àåòñÿ çàìåíîé COPn íà Sn+ +N n

çäåñü N n � êîíóñ ïî-ýëåìåíòíî íåîòðèöàòåëüíûõ
ñèììåòðè÷åñêèõ ìàòðèö

ñëîæíåå è ñèëüíåå, ÷åì ϑ-ôóíêöèÿ Ëîâàøà
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Ïîëèíîìèàëüíàÿ îïòèìèçàöèÿ

ðàññìîòðèì ïðîáëåìó ïîëèíîìèàëüíîé îïòèìèçàöèè

min
x∈K

f0(x)

ãäå
K = {x | fi (x) = 0, gj(x) ≤ 0}

áàçîâîå ïîëó-àëãåáðàè÷åñêîå ìíîæåñòâî

âñå ôóíêöèè fi , gj � ïîëèíîìû

ïóñòü PK ,d � êîíóñ ïîëèíîìîâ ñòåïåíè, íå ïðåâîñõîäÿùåé d ,
íåîòðèöàòåëüíûõ íà K

ïðîáëåìà çàïèøåòñÿ â âèäå êîíè÷åñêîé ïðîãðàììû íàä
êîíóñîì PK ,d

max τ : f0(x)− τ ∈ PK ,d

çäåñü d ≥ deg f0
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Êîíóñ ÑÊ ΣK ,d

íåîáõîäèìî àïïðîêñèìèðîâàòü êîíóñ PK ,d ïîëó-îïðåäåë¼ííî
ïðåäñòàâèìûì êîíóñîì

ïóñòü ΣK ,d � ìíîæåñòâî âñåõ ïîëèíîìîâ ñòåïåíè, íå
ïðåâîñõîäÿùåé d , ïðåäñòàâèìûõ â âèäå êîíå÷íîé ñóììû

p(x) = σ0(x) +
∑
i

pi (x)fi (x)−
∑
j

σj(x)gj(x)

ãäå σi � ÑÊ, à pi � ïðîèçâîëüíûå ïîëèíîìû

ìîæíî óñèëèòü ðåëàêñàöèþ, ðàáîòàÿ ñ ïðåäñòàâëåíèÿìè âèäà

p(x) = σ0(x)+
∑
i

pi (x)fi (x)−
∑
j

σj(x)gj(x)+
∑
i ,j

σi ,j(x)gi (x)gj(x)

è ò.ä.
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Ðåëàêñàöèÿ ÑÊ

èìååì ΣK ,d ⊂ PK ,d , ïîýòîìó çíà÷åíèå τd ïîëó-îïðåäåë¼ííîé
ïðîãðàììû

max τ : f0(x)− τ ∈ ΣK ,d

íå áîëüøå çíà÷åíèÿ τ∗ èñõîäíîé ïðîáëåìû

ïîñëåäîâàòåëüíîñòü τd âîçðàñòàåò ñ d

Òåîðåìà (Putinar 1993, Lasserre 2001)

Ïóñòü K � êîìïàêò. Òîãäà limd→∞ τd = τ∗.
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Ïðèìåð

ìèíèìèçèðóåì ïîëèíîì p(x , y) íà êâàäðàòå [−1, 1]2

ÑÊ ðåëàêñàöèÿ çàïèøåòñÿ â âèäå

max τ :

p(x , y)− τ =σ0(x , y)− σ1(x , y) · (x − 1)− σ2(x , y) · (−x − 1)

− σ3(x , y) · (y − 1)− σ4(x , y) · (−y − 1)

ãäå σ0, . . . , σ4 � ÑÊ
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Äàëüíåéøèå ðåëàêñàöèè

ñëîæíîñòü ÑÊ ðåëàêñàöèé áûñòðî âîçðàñòàåò ñ n è d

óñëîâèå íåîòðèöàòåëüíîé îïðåäåë¼ííîñòè A � 0 ìîæíî
çàìåíèòü áîëåå ñèëüíûìè, ïðîñòûìè óñëîâèÿìè

DSOS (diagonally dominant sum of squares): äèàãîíàëüíûé
ýëåìåíò äîìèíèðóåò 1-íîðìó ñòðîêè, SDP → LP

SDSOS (scaled diagonally dominant sum of squares):
ìàòðèöà A ÿâëÿåòñÿ ñóììîé ïîëîæèòåëüíî îïðåäåë¼ííûõ
2× 2 ïîäìàòðèö, SDP → SOCP
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Ïðîãðàììíîå îáåñïå÷åíèå

ðåëàêñàöèè òèïà ñóìì ÑÊ ìîæíî ñòðîèòü è ðåøàòü ñ ïîìîùüþ
ïàêåòà SOStools (A. Papachristodoulou, J. Anderson, G.
Valmorbida, S. Prajna, P. Seiler, P.A. Parrilo)
http://www.cds.caltech.edu/sostools/

äðóãèå ïàêåòû

Sparse-BSOS (ðàçðåæåííûå ïðîáëåìû áîëüøîé
ðàçìåðíîñòè, T. Weisser, J.-B. Lasserre, K.-C. Toh)

SOSOPT (ïðåäñòàâèìîñòü â âèäå ÑÊ è îïòèìèçàöèÿ, P.
Seiler)

SPOT (íàïîäîáèå SOStools, A. Megretski)

SPOTless (DSOS, SDSOS, A. Megretski, M. Tobenkin, F.
Permenter, A. Majumdar)
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Ñïàñèáî çà âíèìàíèå
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